A discussion in how to calculate asymptotic expansions for polyhomogeneous spacetimes using the Newman-Penrose formalism is done. The existence of logarithmic Newman-Penrose constants for a general polyhomogeneous spacetime (i.e. a polyhomogeneous spacetime such that Ψ0 = O(r −3 ln N 3 )) is addressed. It is found that these constants exist for the generic case. As an application stationary polyhomogneous spacetimes are studied. It is found that for these spacetimes Ψ0 = O(r −5 ln N 5 r). The logarithmic NP constants are calculated for these stationary spacetimes. A connection between these logarithmic constants and the Hansen multipole moments is done.
Introduction
The study of the gravitational field of isolated sources close to null infinity I has been done by solving the asymptotic characteristic initial value problem using formal series expansions in powers of 1/r, where the coordinate r is either the affine parameter of a future oriented null geodesic or a cleverly constructed luminosity parameter. However, as it was noted by some of the first researchers in the area [12] combinations of powers of ln r and 1/r tend to arise naturally, even if we assume initially expansions in 1/r. For long it was thought that these logarithmic terms were in some way connected to the presence of incoming radiation. In order to avoid the appearance of these logarithmic terms ad hoc, some conditions were imposed on the Ansatz for the asymptotic expansions. One of these conditions, used in the work by Bondi et al. [6] , [7] and Sachs [26] (Bondi-Sachs (BS) framework) precluded the appearance of 1/r 2 terms in some of the metric functions. This condition has been known for long time as the outgoing radiation condition for the gravitational field (ORC), because it bears some resemblance with Sommerfeld's outgoing condition for the wave equation in flat space. It was later realized that the ORC does not precludes the existence of incoming radiation. Moreover, the presence of incoming radiation in itself is not a problem. There are some examples of spacetimes that contain a mixture of incoming and outgoing radiation and that have a somooth I. In any case, what has to be avoided (and is implicit in the definition of an isolated body) is the presence of radiation travelling "infinitely long" distances (i.e. coming from past null infinity I − ). But this is achieved by imposing some boundary conditions directly on I − [17] . Newman and Penrose, working with their spin coefficients formalism (NP formalism), used a different condition. Namely, they assumed the Ψ 0 component of the Weyl tensor to behave asymptotically as O(r −5 ). This condition has its roots in the conformal compactification techniques introduced by Penrose. If one assumes Ψ 0 = O(r −5 ) then one readily deduces the Peeling theorem, and all conformally rescaled quantities (the spin coefficients, the Ψ's and the tetrad functions) are well defined at I. But if a slower decay for Ψ 0 is assumed -say O(r −4 )-then logarithmic terms will appear again in the asymptotic expansions. One also finds that some conformally rescaled quantities diverge at I. Hence one ends up with a null infinity that is non-smooth. Not surprisingly enough, the ORC and Penrose's condition are found to be related. If the ORC does not holds (i.e. if we retain the "nasty" 1/r 2 terms in our initial expansions) then Ψ 0 = O(r −4 ) [30] . More recently, the work on the non-linear stability of Minkowski spacetime by Christodolou and Klainermann has shown that generic spacetimes may exhibit a slower fall off (in some cases as low as O(r −7/2 )) and a non-smooth I. These results together with the fact that logarithmic terms have been observed by other authors in the context of cylindrically symmetric spacetimes [1] and infinite rotating discs [5] suggest that asymptotic expansions just in terms of powers of 1/r only are too restrictive for many physically interesting applications.
From the previous discussion, one can see that a natural way to generalize (and hopefully gain more insight and better understanding!) the work that so far has been done on the asymptotic behaviour of the gravitational field is first, to assume a slower decay for the leading terms of the components of the Weyl tensor, and second, to allow the full appearance of logarithmic terms in the asymptotic expansions 1 . Spacetimes that can be expanded asymptotically in terms of a combination of powers of 1/r and ln r are known as polyhomogeneous spacetimes.
An analysis of the solutions of the constraint equations by Andersson & Chruściel [2] , [3] seems also to indicate that an adequate framework to study the asymptotic gravitational field is that of the polyhomogeneous spacetimes. Chruściel, MacCallum and Singleton [11] have shown that the hypothesis of polyhomogeneity is formally consistent with the Einstein field equations. Many results that hold in the non-polyhomogeneous setting can be recovered. The BMS group is still the asymptotic symmetry group, and the uniqueness results for the Bondi mass of Chruściel, Jezierski and MacCallum hold [10] . However, the well possedness and existence/uniqueness of the asymptotic characteristic initial value problem is still an open question. Other classical results -like the Peeling theorem-do not longer hold, but an adequate generalization can be found in order to encompass the "new" logarithmic terms [11] .
Among this last group of results one has that of the Newman-Penrose constants, a set of 10 absolutely conserved quantities that was found to exist for spacetimes satisfying the Ψ 0 = O(r −5 ) condition. As shown in reference [11] in a particular example, the Newman-Penrose constants are no longer constants for polyhomogeneous spacetimes. However, it was possible to show that for a restricted class of polyhomogeneous spacetimes (those spacetimes with a finite conformally rescaled shear σ at I) it is possible to construct another set of 10 quantities (that we will call logarithmic Newman-Penrose constants) with a structure similar to that of the NP constants and that are conserved [29] .
The objective of this article is to extend the work of references [11] and [29] on these logarithmic constants, i.e. to find a family of functionals of Ψ 0 that for an arbitrary polyhomogeneous spacetime yields conserved quantities, and for a non-polyhomogeneous spacetime reduces to the NP constants. In order to do so, it will be necessary to study with some detail the polyhomogeneous expansions of a spacetime. Some acquaintance with the NP spin coefficients formalism will be assumed in order to follow the calculations.
Much has been discussed about the interpretation and physical meaning of the NP constants: they have been regarded by some authors as the gravitational analogue of the electric charge, as they retain their values even after a process of radiation [19] , [21] . However, the works trying to find an interpretation to them have been so far inconclusive, and some authors have even suggested on some grounds that the constants may be devoid of physical meaning [4] , [25] , [13] . The new set of logarithmic constants add up to this old debate. Once their existence has been shown, the next natural step is to try to attach them a physical meaning (if any!). In order to do a connection with previous work, stationary polyhomogeneous spacetimes are studied, and their logarithmic NP constants calculated. The result shows that for stationary spacetimes the logarithmic constants have a "logarithmic quadrupole" structure.
This article is organized as follows: in section 2 we give a brief description of the notations and conventions that are used in the present aerticle. In section 3 discussion on how to calculate asymptotic expansion for polyhomogeneous spacetimes using the Newman-Penrose formalism. A description of the tetrad choice is also done. In section 4 we address the problem of how to generalize the Newman-Penrose constants to polyhomogeneous spacetimes (logarithmic NP constants). A detailed study of the evolution equation for the Ψ 0 component of the Weyl tensor is done. Using this analysis, the main result of this article is proven: the existence of the so called logarithmic Newman-Penrose constants for all polyhomogeneous spacetimes. Section 5 is devoted to the study of stationary polyhomogeneous spacetimes. It is found that for this class of spacetimes the logarithmic terms appear at order 1/r 5 . The logarithmic NP constants for these stationary spacetimes are calculated. An interpretation of these constants using the Hansen multipoles is done. Finally, there are two appendices. The appendix A shows 3 tables that resume the "polyhomogeneous behaviour" of 3 different classes of spacetimes at a given null hypersurface. The results listed in these tables are used extensively in most of the arguments in this paper. In appendix B, the concept of multipole moments stationary polyhomogeneous spacetimes is briefly discussed.
Notation & conventions.
We will be working with spacetimes that formally can be expanded in terms of powers of 1/r and ln r. For example
where σ k denotes the polynomial in z = ln r with coefficients dependending on u, θ and ϕ associated to r −k . A second subscript will mean the power of z to which this function is attached. So, σ i,j is the coefficient that comes with r −i ln j r. For the components of the Weyl tensor superscripts rather than subscripts will be used. Let the symbol # denote the degree of a polynomial. We will stick to the convention that the zero polynomial has degree −∞. Hence
A number in square brackets to the right of a polynomial will also indicate its degree. For instance:
We will refer to the NP "field equations", the Bianchi identities and the frame equations in the way they are listed in Stewart's book [27] . In many ocasions one will only be interested in the terms that go with a determinate power of 1/r. This will be indicated by attaching a subindex to the name of the equation. A second subindex will refer to a particular power of ln r. So, for instance (Bb) 7,N6 will mean that we are looking at the relationship that goes with the r 7 ln
N6
term of the Bianchi identity b. When calculating the expansions of the diverse quantities, one usually needs to evaluate the derivatives and products of polyhomogeneous functions. The following formulae are most useful in this circumstances:
where h and g are two arbitrary polyhomogeneous functions, the coefficients h k , g k are polinomials in z = ln r, and ′ denotes differentiation with respect to z.
Some use of the spin weighted spherical harmonics ( s Y lm ) and the ð and ð (eth and ethbar) operators will be made. In this case, we will also stick to Stewart's convention that is the same as the one in Penrose and Rindler [24] . Their connection with the NP directional derivatives is
3 Solving the NP equations using polyhomogeneous expansions.
The first step into solving the NP field equations is to construct a coordinate system and a null tetrad adapted to the problem. Suppose there is a one parameter family of null hypersurfaces. Denote this family by N u . We can use the parameter u to define a scalar field. Of course, this parametrization is completely arbitrary, and one could have used another parameter u as long as some smoothness requirements are satisfied. On each of the geodesic generators γ u of the null hypersurfaces one can choose an affine parameter r. The null hypersurfaces N u intersect I in cuts S u . On any one of the cuts, say S 0 we can choose arbitrary coordinates x α , α = 2, 3. We can propagate the coordinates x α on I by demanding x α = const. on each generator of I. In this way we have constructed a coordinate system (u, r, x α ) in the neighborhood of I. There is some freedom left on this construction:
1. we can always choose a different parameter u for the family of null hypersurfaces;
3. we can reset the origin and scaling of the affine parameter r, r = a(u,
Once we have set our coordinate system, we can construct a null tetrad. An obvious choice for the first element of the tetrad is the gradient of the null hypersurfaces
The vector field − → l is tangent to the geodesic generators γ u of N u . We can use the freedom on the scaling of the affine parameter of this generators to set
The freedom on the choice of the origin of the affine parameter will be used so that ρ will not contain any 1/r 2 terms (cfr. equation (26)). Let us denote the 2-surfaces u = const., r = const. by S u,r . It can be seen that − → l is future pointing and orthogonal to S u,r . There is only one other null direction with the same properties. The second vector of our tetrad − → n is chosen to be parallel to this direction. The two other vectors of the tetrad, − → m and − → m are constructed so that they span the tangent space to S u,r , T (S u,r ). So from this construction one deduces
so that the contravariant metric tensor is
Using a spin-boost it is possible to set ǫ = ǫ everywhere. From the commutator equations we deduce
and ρ and µ are real. The asymptotic characteristic initial value problem is usually set by supplying Ψ 0 on an initial null hypersurface N , σ on I + , and Ψ 1 , ReΨ 2 and ξ i on Z = I + ∩ N [15] . The most general polyhomogeneous form for Ψ 0 that is physically reasonable to start with is
where the coefficients Ψ k 0 are polynomials in ln r, as mentioned before. With this initial data, the first two equations in the NP hierarchy to be solved are
Using (4) and (5) into (16) and (17) one obtains the following recurrence relations
Setting i = 1 we find that
For i = 2, the recurrence relations reduce to
From equation (21) we see that ρ 1 has to be a polynomial of degree zero. Couch & Torrence [8] have shown that in order to have a spacetime with a Weyl tensor that vanishes at infinity then we require Ψ 0 = O(r −2−ǫ1 ) where ǫ 1 > 0. Hence, in order to have a physically realistic situation we set Ψ
so that σ 1 is also of degree zero. The remaining system then reduces to
which has 3 solutions: ρ 1 = 0, σ 1 = 0 (asymptotically plane) which yields degenerate spacetimes for which m µ = m µ = 0;
(asymptotically cylindrical) which produces also degenerate spacetimes for which m µ = m µ ; and ρ 1 = −1, σ 1 = 0 which gives rise to spacetimes that are asymptotically minkowskian. In what follows we will stick to this last solution.
For i = 3 one finds that
Therefore ρ 2 is a polynomial of degree 0 in ln r. Using the remaining freedom in the definition of the radial coordinate (recall that r is an affine parameter) it is possible to redefine r so that ρ 2 = 0 (see for example [22] ). From equation (27) other equation one reads
j = 0 . . . N 3 , whence #σ 2 = N 3 + 1. So, the only part of σ 2 that is not determined by the data on the initial hypersurface N is σ 2,0 , in complete agreement with the results on the well possedness of the asymptotic characteristic initial value problem. We can think of Ψ 3,j 0 j = 0...N − 1 as a contribution to the shear from the incoming radiation using Szekeres interpretation of the components of the Weyl tensor (Ψ 0 can be regarded as an incoming transverse wave) [28] .
For i = 4 one obtains,
From these two equation one can readily see that #ρ 3 = 2N 3 + 2 and #σ 3 = N 4 . Recurrence relations to calculate the coefficients of the two polynomials can be easily obtained.
The process described here can be performed up to any desired order in 1/r. A similar analysis can be done with the remaining field equations, Bianchi identities and commutator relations. The order to solve the equations is given in reference [27] . A summary of this analysis is presented in the form of tables in Appendix A.
4 Logarithmic NP constants for a generic polyhomogeneous spacetime.
We are interested in the construction of conserved quantities that can be expressed as an integral over a cut of I, S 2 . One expects these constants to be formed out of quantities that are initial data on the initial null hypersurface N . As Ψ 4,0 1 , ReΨ 3,0 2 , and σ 2,0 (the data that has to be prescribed on I + ∩ N ) are used to construct the Bondi mass and the angular momentum of the spacetime -quantities that are not conserved-, we do not expect to be able to construct conserved quantities out of them.
Newman & Penrose [19] , [21] have found that for non-polyhomogeneous spacetimes, 10 conserved quantities can be constructed out of Ψ 0 . As it has been mentioned before, these quantities are not conserved for polyhomogeneous spacetimes. Nevertheless, in the case when the leading term of the shear (σ 2 ) contains no ln r terms (which corresponds to the situation Ψ 3 0 = −∞) it was possible to single out some other quantities with a similar structure (logarithmic NP constants) that are conserved. We want now to show that even for the most general class of polyhomogeneous spacetimes it is possible to construct such constants.
The key idea in the construction of these constants is to deduce from the Bianchi identities an equation whose left hand side is a derivative respect to time of one of the coefficients of Ψ 0 , and whose right hand side is an ð derivative of some combination of the coefficients in Ψ 0 , Ψ 1 , Ψ 2 ; that is, equations of the formΨ
where˙denotes differentiation with respect to u, i and M to be determined. Note that this equation has the same structure of the continuity equations in mechanics of continuos media: a derivative with respect to time plus the divergence of a flux, F 2 . Equation (31) has and overall spin weight 2, and the function F spin weight 3.
We multiply equation (31) by ( 2 Y lm ), a spin 2 weighted spherical harmonic in order to obtain an equation of spin weight 0. Now, we integrate over the unit sphere (a cut of I) so that ∂ ∂u
Using the identity [19] 
where ζ is of spin weight l + 1 (in our case ζ = F has spin weight 3, hence l = 2), we end up with ∂ ∂u
Hence the 5 complex quantities
m = −2, −1 . . . 2 are conserved as long as equation (31) holds. The results in [29] show that one should expect to find the desired conservation laws in the coefficients of the highest power of ln r in the 1/r 6 terms of the evolution equation for Ψ 0 . An algebraic explanation of this fact can be found looking at the identity
Hence, differentiation with respect to r adds extra terms to the lower powers of ln r, but not to the highest. Therefore, the coefficients of the highest power of ln r (for a given power of 1/r) mimic the behaviour of the coefficients in a non-polyhomogeneous spacetime. The evolution equations in both cases will have the same algebraic form. The situation discussed in this article is more elaborated than the one described in [29] as one has to deal with many new terms coming form Ψ 3 0 . It will be necessary to keep track of the behaviour of the degrees (N i ) of the polynomials Ψ i 0 as the system evolves. Therefore our discussion will start at the lowest order (1/r 3 ) instead of just going directly to the 1/r 6 order terms.
As discussed previously, the most general form for Ψ 0 is the following:
and its evolution equation is the Bianchi identity (Bb),
One expects the values of N i to change as the system evolves. So, we can think of these numbers as discrete functions of the retarded time u (N i = N i (u)). A tilde over one of these numbers will mean that we are referring to its value at the initial null hypersurface N . The equation (Bb) 3 readily yieldsΨ
whence the polynomial Ψ 3 0 does not depend on u, and its degree (#Ψ From (Bb) 4 we obtainΨ
an equation of the formΨ 
Using, (Ba)
and the commutator for the ð derivatives we obtaiṅ
so that we cannot derivate a conservation law from this equation due to the presence of the extra 3Ψ 3 0 term. If N 3 ≥ N 4 then the only thing we can affirm is that N 4 ≥ N 3 . The (Bb) 5 equation is much more involved.
where the term in curly brackets {} is present if Y = 2N 3 + 2. In order to obtain an equation in terms of "initial data" quantities only we require the equations (Ba) 5 and (Bc) 4 :
Using equations (49) and (50) it is not hard to shown that equation (48) does not has the required form.
Following [21] and [29] we expect to find conserved quantities of the desired form (if any) in the (Bb) 6 terms. The equation in this case is extremely involved, so it is better to look at it in parts:
[
Hence, (Bb) 6 is an equation of the formΨ 
The terms in curly brackets { } will not be present if X = N 5 , while the terms in angle brackets will not appear if X = max{3N 3 + 3, N 3 + N 4 + 2}. In order to obtain an equation that contains only "initial data" quantities we will need to use the equations (Ba) 6 and (Bc) 5 :
From equation (63) we obtain (when X = N 5 )
and from (64) 
Using the techniques described in the previous section is not difficult (but very leghty!) to obtain the values of the coefficients δ 2,N3+1 , β 2,N3+1 , τ 2,N3+1 , and σ 2,N3+1 in terms of Ψ 3 0 :
With them and the commutator relation
one obtains an equation with the same structure of (31):
At this point, the relevance of the constancy of X becomes clear. It it was not the case, then the continuity equation (73) could change as the system evolves, and we would have different constants at different null hypersurfaces! Therefore we have proven the following proposition:
Proposition 1 The quantities (5 in general)
with X = max{N 5 , 3N 3 + 3, N 3 + N 4 + 2} are constants of motion for any polyhomogeneous spacetime.
Observe that if N 3 = N 4 = −∞ and N 5 = 0 (that encompasses the non-polyhomogeneous case studied by Newman and Penrose) then X = 0, and the logaritmic constants reduce to the NP constants. While if N 3 = −∞ then X = N 5 and we recover the logarithmic constants of [29] . Hence we have succeded in our primeval objective of finding a family of functionals of the quantity Ψ 0 that are absolutely conserved, and that reduce to the NP constants in the non-polyhomogeneous framework.
Polyhomogeneous stationary spacetimes
In order to gain some insight in the structure of the logarithmic Newman-Penrose constants, we will evaluate their value for stationary polyhomogeneous spacetimes. Chruściel [9] , using some geometrical invariants has given some criteria to known whether a given stationary spacetime can be expanded asymptotically in the usual 1/r series, or in terms of the polyhomogeneous expansions.
As shown by Newman and Penrose [21] , when the gravitational field is stationary, it is possible to choose the coordinate system so that the timelike Killing vector field is given by ∂/∂u. Therefore all dotted quatities vanish, and the Bianchi identities with ∆-derivatives (Bb, Bd, Bf, Bh) become extra constraints that have to be satisfied by the Ψ n . As our ultimate goal is to calculate the logarithmic constants, most of the analysis will be mainly centered in equations (Ba) and (Bb). One proceeds in a way similar to section 4.
To begin with, consider equations (Ba) 4 and (Bb) 4
For a stationary spacetime they reduce to
Assume in principle N 3 = −∞. From the highest order logarithms one extracts the following sistem of partial differential equations
Combining these two equations one arrives to the following eigenvalue problem
This means that Ψ
3,N3 1
is proportional to a spin weight 1 spherical harmonic
So, in order to have 1 as eigenvalue, we require l = 0, −1. But the spin weighted harmonics are only defined for 0 ≤ s ≤ l or for 0 ≥ s ≥ −l. Hence equation (81) has only the trivial solution
So we conclude that for a stationary polyhomogeneous spacetime N 3 = −∞ necessarily. For this class of spacetimes [29] Ψ 2,0
All dotted quantities vanish for an stationary spacetime, therefore
From (Bd) 4 we readΨ
which simplifies to ðΨ
The quantity Ψ 3,0 2 has spin weight zero, therefore
Hence Ψ 3,0 2 is constant in θ and ϕ. The Bondi mass of the system is given by
which for a stationary spacetime reduces to
2 . M Bondi has to be real. Therefore
Now, using [27] Im Ψ
we deduce
this means that σ 2,0 has no magnetic part. From reference [20] we know that in the case of an asymptotic shear with no magnetic part then there exists a supertranslation that sets σ 2,0 = 0 in the whole spacetime. Looking at (Ba) 5 and (Bb) 5 one sees that
From them we can readily deduce that 
And using the commutator for the ð derivatives:
we arrive to another eigenvalue problem
Whence Ψ
4,N4 0
has to be of the form k 2 Y l,m . If 2 is taken to be an eigenvalue then l = 1, −2. The weight 2 spherical harmonics are not defined for these values of l, therefore
and Ψ Taking the calculations to order 1/r 6 one finds that (Ba) 6 and (Bb) 6 are respectively
Looking at the highest order logarithms we deduce the following system:
Combining equations (103) and (103) arrive to another eigenvalue problem
The latter has non-trivial solutions, yielding
Note that ðΨ 
Note that if N 6 > N 5 then directly from (107) and (108) it is possible to deduce the following system
Combining them one obtains the following eigenvalue problem 
It can be easily shown that this equation has only the trivial solution (l needs to be complex in order to have 10 as an eigenvalue!). Hence we find that N 6 ≤ N 5 . In order to calculate the logarithmic NP constants, the relevant equations are
Combining these two equations and using the fact that Ψ 
To solve this equation is to note that its right hand side vanishes when applying ð, hence has to be expressed as a sum of 2 Y 2,m . Therefore
where the first term of the solution is the solution of the homogeneous equation. Due to the orthogonality properties of the spin weight spherical harmonic one finds that the logarithmic NP constants are
In order to give a physical interpretation of these quantities, we have evaluated their Hansen multipoles. The detailed calculations can be found in the appendix B. The main result we extract from this multipole analysis is that although the quadrupole moments for a stationary polyhomogeneous spacetime are not defined, we can think on the Ψ 5,N5 0 as a contribution from the "slowest decaying quadrupole moment" of the spacetime. Hence the logarithmic NewmanPenrose constants reflect in some way the leading quadrupole moment of the spacetime. It is worth noting that the NP constants for a non-polyhomogeneous stationary spacetime contain an extra term proportional Ψ 4,0 1 [21] that in the case of polyhomogeneous spacetimes is absent has no analogue. This is consequence of proposition 2: the logarithmic terms in Ψ 4 1 are generated by the Ψ 0 terms.
Conclusions
It has been shown that there is a functional of Ψ 0 that for a polyhomogeneous spacetime yields 10 absolutely conserved quantities, and for a non-polyhomogeneous spacetime reduce to the NP constants. In the case of stationary spacetimes, these logarithmic constants reflect the leading behaviour of the quadrupole moments of the spacetime.
There are still some remaining open questions. One of them is related with the well known fact that for linear fields one has an infinite hierarchy of NP constants. The general feeling in the case of the NP and logarithmic NP constants for the gravitational field is that the only quantities that one can form that have the desired properties are precisely the ones already known. How ever a proof is still not avaible.
The other main question is that of the physical interpretation of the quantities. A step forward in this line would be the evaluation of the constants for some non-stationary spacetime. These topics will be subject of future work.
A.1 General polyhomogeneous spacetimes (N
A.2 Polyhomogeneous space-times with a finite shear at I. 
A.3 Stationary polyhomogeneous spacetimes. 
B Multipole moments for stationary polyhomogeneous spacetimes
The objective of this appendix is to study the multipole structure of stationary polyhomogeneous spacetimes. In order to ease the calculations we have restricted ourselves to the case N 5 = 1. The crucial results can be easily extrapolated for the general situation. In the present calculations some ideas by Kundu [16] have been used. The Hansen potentials [14] are defined by
where λ and ω are respectively the squared norm and the twist of the timelike Killing vector field (ξ µ ). In the case of stationary polyhomogeneous spacetimes the potentials are
where
it is possible to define a positive definite metric for 3 dimensional orbit manifold S. A chart for the manifold S can be constructed by choosing 3 scalar functions f i such that
The obvious choice for these functions is to set
so that the projector tensor γ 
The "inverse" projector is defined by
Whence we find that
The metric tensor for the orbit manifold is then defined from the tensor h µν as
The components of this tensor are
If we perform the coordinate change ρ = 1/r then the positive defnite metric is
At this point it is necessary to choose a conformal factor (Ξ). This conformal factor for the compactification of spatial infinity (i 0 ) falls as the square of the conformal factor for the Penrose compactification of null infinity (Ω = 1/r) [14] , [16] . So, setting Ξ = Ω 2 = ρ 2 then the conformally rescaled metrich ij ish 
The Ricci tensor of the conformally rescaled 3 dimensional manifold is found to be singular at ρ = 0 (i 0 ) forR xx = 
Unfortunately the angular coordinates (θ, ϕ) are singular at i 0 (spatial infinity is not labeled in an unique way). hence it is necessary to introduce a new set of euclidean-like coordinates: 
In oder to calculate the first 3 multipole moments of the spacetime, it is necessary to define the tensors
whereD is the covariant derivative associated to the conformally rescaled metric h ij ,φ = Ξ −1/2 φ and C denotes the symmetric trace-free part of the tensor in square brackets. The multipole moments are defined to be the value of these tensors at i 0 . As expected, there is no angular momentum monopole, and the mass monopole is equal to ReΨ 3,0 2 . The expressions for the dipoles become quite complicated due to the introduction of the euclidean-like coordinates. However it is not difficult to convince oneself that they are well defined. The situation for the quadrupole moments is a little bit more involved. Looking at
we see that for some components of the quadrupole tensor the double derivation needed for its calculation will bring down a ln ρ term that will diverge upon evaluation at i 0 . However, in principle this tensor is well denfined in the rest of the orbit manifold. Hence, one faces a situation similar to that of the components of the Weyl tensor of a generic (non-stationary) polyhomogeneous spacetime evaluated at I. Some of the conformally rescaled components ( Ψ 0 , Ψ 1 , and possibly Ψ 2 ) diverge at null infinity but their asymptotic expansions have coefficients that are perfectly defined functions at I. One can adopt a similar position in the case of the multipole moments for stationary polyhomogeneous spacetimes. The quadrupole tensor is not well defined at i 0 , but its expansion has coefficients that are perfectly defined functions. On adopting this point of view, one sees that in the example that has been worked out there are 2 classes of quadrupole moments: one that originates essentially from the coefficient of ρ inφ plus some extra terms coming from the ln ρ upon differentiation, and a second that comes from directly from the ln ρ. In this second class of quadrupole moments (logarithmic quadrupole moment) one finds the terms Ψ 5,1 0 of the logarithmic NP constants. In the general case, one will find a hierarchy of quadrupole moments, the number of the elements in the hierarchy being equal to N 5 . The one associated to the highest power of ln ρ is the one that is related with the logarithmic NP constants. Note also that because of the presence of the ln terms, the higher a logarithmic quadrupole is in the hierarchy the slower its decay. The one in the logarithmic NP constants having the slowest fall off.
